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1. Introduction
1.1. On a problem. Let C be an open convex acute cone in Rn with
the apex at the origin [1, p. 73] and b be a convex continuous positively
homogeneous function of degree 1 on the closure C of C in Rn. The pair
(b, C) determines the closed convex unbounded set
U(b, C) = {ξ ∈ Rn : − < ξ, y > ≤ b(y), ∀y ∈ C},
not containing a whole line. Note that the interior of the set U(b, C) is not
empty and coincides with the set
V (b, C) = {ξ ∈ Rn : − < ξ, y > < b(y), ∀y ∈ C},
and closure of V (b, C) in Rn is U(b, C). For brevity denote U(b, C) by U and
V (b, C) by V .
LetM = (Mk)
∞
k=0 be a non-decreasing sequence of numbers Mk such that
M0 = 1 and
lim
k→∞
lnMk
k
= +∞.
For m ∈ N and ε > 0 let Gm,ε(U) be the space of C∞(U)-functions f
with a finite norm
pm,ε(f) = sup
x∈V,α∈Zn+
|(Dαf)(x)|(1 + ‖x‖)m
ε|α|M|α|
.
1This work was supported by the grants RFBR 08-01-00779, 08-01-97023 and LSS-
3081.2008.1.
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Put GM(U) =
∞⋂
m=1
⋂
ε>0
Gm,ε(U). Thus, GM(U) is a subclass of the Schwartz
class S(U) of rapidly decreasing functions on U .
With usual operations of addition and multiplication by complex numbers
GM(U) becomes a linear space. The family of norms pm,ε defines a locally
convex topology in GM(U). Note that if (εm)
∞
m=1 is an arbitrary decreasing
to zero sequence of numbers εm > 0 then the topology in GM(U) can be
defined also by the system of norms
pm(f) = sup
x∈V,α∈Zn+
|(Dαf)(x)|(1 + ‖x‖)m
ε
|α|
mM|α|
, m ∈ N.
Obviously, GM(U) is continuously embedded in S(U).
We consider a problem of description of the strong dual space to the
spaces GM(U) in terms of the Fourier-Laplace transform of continuous linear
functionals on GM(U).
Detailed consideration of this problem depends on additional conditions
on the sequence M . J.W. de Roever [2] studied this problem under the
following assumptions on M :
1). M2k ≤Mk−1Mk+1, ∀k ∈ N;
2). ∃H1 > 1 ∃H2 > 1 ∀k,m ∈ Z+ Mk+m ≤ H1Hk+m2 MkMm;
3). ∃A > 0 ∀m ∈ N
∞∑
k=m+1
Mk−1
Mk
≤ Am Mm
Mm+1
.
In this case the sequence M is not quasianalytic. Also from conditions 1)
and 3) it follows that there exist numbers h1, h2 > 0 such that
Mk ≥ h1hk2k!, ∀k ∈ Z+.
The same problem was considered in [3] under more weak restrictions on
M . Namely, conditions 2) and 3) were replaced with the following conditions:
2)′. ∃H1 > 1 ∃H2 > 1 ∀k ∈ Z+ Mk+1 ≤ H1Hk2Mk;
3)′. ∃Q1 > 0 ∃Q2 > 0 ∀k ∈ Z+ Mk ≥ Q1Qk2k!.
But the proof of the Paley-Winer type theorem for ultradistributions was
given for function b satisfying the following condition: there is a positive
number r such that if y1, y2 ∈ C and ‖y2 − y1‖ ≤ 1 then |b(y2)− b(y1)| ≤ r.
In this paper we consider the problem in general case. As in [3] we use
an approach from B.A. Taylor’s paper [4].
1.2. Definitions and notations. For u = (u1, . . . , um) ∈ Rm(Cm),
v = (v1, . . . , vm) ∈ Rm(Cm) let < u, v >= u1v1 + · · · + umvm, ‖u‖ be the
Euclidean norm in Rm(Cm).
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For z ∈ Cm, R > 0 let BR(z) be a ball in Cm of a radius R with the
center at the point z. Let νm(R) = νm(1)R
2m be a volume of BR(z).
If Ω ⊂ Rm then TΩ = Rm+ iΩ. If Γ is a cone in Rm then as usual prΓ is
an intersection of Γ with the unit sphere.
If Ω ⊂ Rm (Ω ⊂ Cm) then the distance from x ∈ Ω (z ∈ Ω) to the
boundary of Ω is denoted by ∆Ω(x)(∆Ω(z)).
For a locally convex space X let X ′ be the space of linear continuous
functionals on X and let X∗ be the strong dual space.
For an open set Ω in Cm H(Ω) is a space of holomorphic functions in Ω,
psh(Ω) is a family of plurisubharmonic functions in Ω.
If L = (Lk)
∞
k=0 is a sequence of numbers Lk > 0 with L0 = 1 such that
lim
k→∞
lnLk
k
= +∞
then define a function ωL on [0,∞): ωL(r) = sup
k∈Z+
ln
rk
Lk
for r > 0, ωL(0) = 0.
1.3. Main result. Throughout this article the non-decreasing sequence
M with M0 = 1 satisfies the following conditions:
i1). M
2
k ≤Mk−1Mk+1, k ∈ N;
i2). ∃H1 > 1 ∃H2 > 1 ∀k ∈ Z+ Mk+1 ≤ H1Hk2Mk;
i3). ∃Q1 > 0 ∃Q2 > 0 ∀k ∈ Z+ Mk ≥ Q1Qk2k!.
Let S(U) be a space of C∞(U)-functions f such that for each p ∈ Z+
‖f‖p,U = sup
x∈V,|α|≤p
|(Dαf)(x)|(1 + ‖x‖)p <∞.
Let Sp(U) be a completion of S(U) in the norm ‖ · ‖p,U . Endow S(U) with a
topology of projective limit of spaces Sp(U). Note that S
∗(U) is topologically
isomorphic to the space of tempered distributions with support in U [5].
If decreasing to zero sequence (εm)
∞
m=1 of numbers εm is chosen then for
brevity denote ωM(
r
εm
) by ωm(r), r ≥ 0.
For each m ∈ N let
Vb,m(TC) = {f ∈ H(TC) : Nm(f) = sup
z∈TC
|f(z)|e−b(y)
(1 + ‖z‖)m(1 + 1
∆C(y)
)m
<∞},
Hb,m(TC) = {F ∈ H(TC) : ‖F‖m = sup
z∈TC
|F (z)|
eb(y)+ωm(‖z‖)(1 + 1
∆C(y)
)m
<∞} ,
where z = x+ iy, x ∈ Rn, y ∈ C.
Put Hb,M(TC) =
⋃∞
m=1Hb,m(TC), Vb(TC) =
⋃∞
m=1 Vb,m(TC). With usual
operations of addition and multiplication by complex numbers Hb,M(TC) and
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Vb(TC) are linear spaces. Supply Hb,M(TC) (Vb(TC)) with the topology of
inductive limit of spaces Hb,m(TC) (Vb,m(TC)).
The Fourier-Laplace transform of a functional Φ ∈ S∗(U) (Φ ∈ G∗M(U))
is defined by a formula
Φˆ(z) = (Φ, ei<ξ,z>), z ∈ TC .
In [3] the following theorem was proved.
Theorem A. The Fourier-Laplace transform F : S∗(U)→ Vb(TC) estab-
lishes a topological isomorphism between the spaces S∗(U) and Vb(TC).
If b(y) = a‖y‖(a ≥ 0) then it is a result of V.S. Vladimirov [1].
Let {Cε}ε>0 be a family of open convex subcones of C such that if ε1 < ε2
then pr Cε2 ⊂ prCε1 and ∪ε>0Cε = C. Let Hb(TC) be a projective limit of
the spaces Vbε(TC), where for y ∈ C and ε > 0 bε(y) = b(y) + ε‖y‖. Let
H+b (TC) be a projective limit of the spaces Hbε(TCε).
We have three useful consequences from theorem A.
Corollary 1. The Fourier-Laplace transform F : S∗(U) → Hb(TC) es-
tablishes a topological isomorphism between the spaces S∗(U) and Hb(TC).
Corollary 2. The Fourier-Laplace transform F : S∗(U) → H+b (TC)
establishes a topological isomorphism between the spaces S∗(U) and H+b (TC).
Corollary 3. The spaces Vb(TC), Hb(TC) and H
+
b (TC) coincide.
The Corollary 2 is known [2].
The aim of the paper is to give a full proof of the following theorem.
Theorem 1. The Fourier-Laplace transform establishes a topological iso-
morphism between the spaces G∗M(U) and Hb,M(TC).
Remark 1. The definition of the spaces GM(U) and Hb,M(TC) does not
depend on a choice of the sequence (εm)
∞
m=1. So we put εm = H
−m
2 , m ∈ N.
Thus, ωm(r) = ωM(H
m
2 r), r ≥ 0.
2. Auxiliary results
In the proof of theorem 1 the following results will be used.
Lemma 1. For y ∈ C,m ∈ N let
g(ξ) = − < ξ, y > +m ln(1 + ‖ξ‖), ξ ∈ Rn.
Then there exists a number d > 0 not depending on y such that
sup
ξ∈U
g(ξ) ≤ b(y) + dm+ 3m ln
(
1 +
1
∆C(y)
)
+ 2m ln(1 + ‖y‖).
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Lemma 1 was proved in [3].
Due to a special choice of a sequence (εm)
∞
m=1 the following lemma holds
([6, lemma 2]).
Lemma 2. For each m, p ∈ N there exists a constant c ≥ 0 such that
wm(r) + p ln(1 + r) ≤ wm+p(r) + c, r ≥ 0.
Also we need a theorem of J.W. de Roever [2].
Theorem R. Let a n − k dimensional hyperplane in Cn be given by
linear functions θ1 = s1(θk+1, . . . , θn), . . . , θk = sk(θk+1, . . . , θn) or shortly
w = s(z), w ∈ Ck, z ∈ Cn−k.
Let Ω1 ⊂ Ω2 ⊂ Ω be pseudoconvex domains in Cn such that an ε > 0-
neighborhood of Ω1 with respect to closed polydiscs in the first k coordinates
is contained in Ω2, i.e.,
{θ = (θ1, . . . , θn) : |θj−θ0j | ≤ ε, j = 1, . . . , k; θj = θ0j , j = k+1, . . . , n; θ0 =
(θ01, . . . , θ
0
n) ∈ Ω1} ⊂ Ω2.
Furthermore, let ϕ be a plurisubharmonic function on Ω and for θ ∈ Ω1
let ϕε(θ) = max{ϕ(θ1 + ξ1, . . . , θn + ξn : |ξj| ≤ ε, j = 1, . . . , k}.
Finally, let
Ω′ = {z ∈ Cn−k : (s(z), z) ∈ Ω}, Ω′j = {z ∈ Cn−k : (s(z), z) ∈ Ωj}, j = 1, 2.
And let ϕ˜(z) be the function in Ω′ given by ϕ˜(z) = ϕ(s(z), z), z ∈ Ω′.
Then for a given holomorphic in Ω′ function f there exists a function F
holomorphic in Ω1 such that F (s(z), z) = f(z), z ∈ Ω′, and for some K > 0
depending only on k and s1, . . . , sk,∫
Ω1
F (θ) exp(−ϕε(θ))
(1 + |θ‖2)3k dλn(θ) ≤ Kε
−2k
∫
Ω′2
|f(z)|2e−ϕ˜(z) dλn−k(θ),
where λn and λn−k denote the Lebesgue measure in Cn or Cn−k, respectively,
if f is such that the right hand side is finite. F depends besides on f also on
Ω1, ε, ϕ.
Lemma 3. Let Γ be an open convex cone in Rn with the apex at the origin.
Let h be a convex continuous positively homogeneous function of degree 1 on
Γ . Then for each ε > 0 there exists a constant Aε > 0 such that for y1, y2 ∈ Γ
satisfying the inequality ‖y2 − y1‖ ≤ 1
|h(y2)− h(y1)| ≤ ε‖y1‖+ ε‖y2‖+ Aε.
The proof is easy and so it is omitted.
Let for brevity for z ∈ TC d(z) = ∆TC (z).
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Theorem 2. Let function S ∈ H(Cn × TC) for some m ∈ N on Cn × TC
satisfies the inequality
|S(z, ζ)| ≤ exp(ωm(‖z‖) + b(Imζ) +m ln(1 + ‖ζ‖) +m ln(1 + 1
d(ζ)
)),
and S(ζ, ζ) = 0, ζ ∈ TC.
Then there exist functions S1, . . . , Sn ∈ H(Cn × TC) and a number p ∈ N
such that:
a) S(z, ζ) =
n∑
j=1
Sj(z, ζ)(zj − ζj), (z, ζ) ∈ Cn × TC;
b) for each ε > 0 there exists a number aε > 0 such that for j = 1, . . . , n
and (z, ζ) ∈ Cn × TC
|Sj(z, ζ)| ≤ aε exp(ωp(‖z‖)+b(Imζ)+ε‖Imζ‖+p ln(1+ 1
d(ζ)
)+p ln(1+‖ζ‖)).
Proof. Let for ζ ∈ TC , j ∈ N
ϕj(ζ) = b(Imζ) + j ln((1 +
1
d(ζ)
)(1 + ‖ζ‖)),
for ζ ∈ TC , z1, . . . , zk ∈ C, l, k, j ∈ N
hl,k,j(z1, . . . , zk, ζ) = ωl(‖(z1 + ζ1, . . . , zk + ζk, ζk+1, . . . , ζn)‖) + ϕj(ζ).
Functions hl,k,j are plurisubharmonic in C
k × TC .
Put L(z, ζ) = S(z + ζ, ζ), z ∈ Cn, ζ ∈ TC . By assumption,
|L(z, ζ)| ≤ exp(hm,n,m(z, ζ)), (z, ζ) ∈ Cn × TC , (1)
and L(0, ζ) = S(ζ, ζ) = 0 for ζ ∈ TC .
We now pass to construction of functions S1, . . . , Sn. Let L1(z1, ζ) =
L(z1, 0, . . . , 0, ζ), z1 ∈ C, ζ ∈ TC ; L2(z1, z2, ζ) = L(z1, z2, 0, . . . , 0, ζ), z1, z2 ∈
C, ζ ∈ TC ; . . . , Ln(z, ζ) = L(z, ζ), z ∈ Cn, ζ ∈ TC . In view of (1) we have
|Lk(z, ζ)| ≤ exp(hm,k,m(z, ζ)), z ∈ Ck, ζ ∈ TC . (2)
Since L1(0, ζ) = 0 ∀ζ ∈ TC , then the function
ψ
(1)
1 (z1, ζ) =
L1(z1, ζ)
z1
is holomorphic in C × TC . Let us estimate the growth of the function ψ(1)1 .
If |z1| ≥ 1, then ∀ζ ∈ TC
|ψ(1)1 (z1, ζ)| ≤ |L1(z1, ζ)| ≤ exp(hm,1,m(z1, ζ)),
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If |z1| < 1, then ∀ζ ∈ TC
|ψ(1)1 (z1, ζ)| ≤ max|t1|=1 |ψ
(1)
1 (t1, ζ)| = max|t1|=1 |L1(t1, ζ)|.
In view of the inequality (2) we have
|ψ(1)1 (z1, ζ)| ≤ exp(max|t1|=1hm,1,m(t1, ζ)).
Recall that for each m ∈ N there exists a number Km > 0 (see [6], lemma 1
(in the proof of this lemma only the conditions i1), i3) are used) such that
|ωm(r2)− ωm(r1)| ≤ Km|r2 − r1|, r1, r2 ≥ 0. (3)
So, using (3) we obtain
|ψ(1)1 (z1, ζ)| ≤ A1ehm,1,m(z1,ζ), z1 ∈ C, ζ ∈ TC ,
where A1 = e
2Km . In addition L1(z1, ζ) = ψ
(1)
1 (z1, ζ)z1 everywhere in C×TC .
Let for z1 ∈ C, ζ ∈ TC
ϕ(1)(z1, ζ) = 2hm,1,m(z1, ζ) + (2n+ 3) ln(1 + ‖(z1, ζ)‖).
Then ∫
C×TC
|ψ(1)1 (z1, ζ)|2e−ϕ
(1)(z1,ζ) dλn+1(z1, ζ) <∞.
Suppose that for k = 2, . . . , n there are found functions ψ
(k−1)
j holomorphic
in Ck−1 × TC (j = 1, . . . , k − 1) such that
Lk−1(z1, . . . , zk−1, ζ) =
k−1∑
j=1
ψ
(k−1)
j (z1, . . . , zk−1, ζ)zj
and for some dk−1 ∈ N and for all j = 1, . . . , k − 1∫
Ck−1×TC
|ψ(k−1)j (z, ζ)|2e−(2hm,k−1,m(z,ζ)+dk−1 ln(1+‖(z,ζ)‖)) <∞. (4)
Now we use theorem R and notations of this theorem. Let us consider in
Ck × Cn the subspace
Wk = {(z1, z2, . . . , zk, ζ) : zk = 0, z1, . . . , zk−1 ∈ C, ζ ∈ Cn}
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of codimension 1. Put Ω = Ω1 = Ω2 = C
k × TC . Then
Ω
′
= {(z1, . . . , zk−1, ζ) : (z1, . . . , zk−1, 0, ζ) ∈ Ck × TC} = Ck−1 × TC .
So Ω
′
1 = Ω
′
2 = Ω
′
. Put
ϕ(k)(z, ζ) = 2hm,k,m(z, ζ) + dk−1 ln(1 + ‖(z, ζ)‖),
where z ∈ Ck, ζ ∈ TC . In this theorem for ε we take 1. Let
ϕ
(k)
1 (z1, . . . , zk, ζ) = max|ξk|≤1
ϕ(k)(z1, . . . , zk−1, zk + ξk, ζ).
Then
ϕ˜(k)(z1, . . . , zk−1, ζ) = ϕ(k)(z1, . . . , zk−1, 0, ζ) =
= 2hm,k−1,m(z1, . . . , zk−1, ζ) + dk−1 ln(1 + ‖(z1, . . . , zk−1, ζ)‖)],
where z1, . . . , zk−1 ∈ C, ζ ∈ TC . In view of (4)∫
Ck−1×TC
|ψ(k−1)j (z, ζ)|
2
e−ϕ˜
(k)(z,ζ) dλk−1+n(z, ζ) <∞, j = 1, . . . , k − 1.
By Roever’s theorem there exists a function ψ
(k)
j (j = 1, . . . , k− 1) holomor-
phic in Ck × TC such that
ψ
(k)
j (z1, . . . , zk−1, 0, ζ) = ψ
(k−1)
j (z1, . . . , zk−1, ζ), z1, . . . , zk−1 ∈ C, ζ ∈ TC ,
and for some K
(k−1)
j > 0 not depending on ψ
(k−1)
j
∫
Ck×TC
|ψ(k)j (z, ζ)|
2
e−ϕ
(k)
1 (z,ζ)
(1 + ‖(z, ζ)‖2)3 dλn+k(z, ζ) ≤
≤ K(k−1)j
∫
Ck−1×TC
|ψ(k−1)j (z′, ζ)|
2
e−ϕ˜
(k)(z′,ζ) dλn+k−1(z′, ζ).
Using (3) we have
∫
Ck×TC
|ψ(k)j (z, ζ)|
2
e−ϕ
(k)(z,ζ)
(1 + ‖(z, ζ)‖2)3 dλn+k(z, ζ) <∞ , j = 1, . . . , k − 1.
Now consider the function
Vk(z, ζ) = Lk(z, ζ)− ψ(k)1 (z, ζ)z1 − . . .− ψ(k)k−1(z, ζ)zk−1, z ∈ Ck, ζ ∈ TC .
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It is holomorphic in Ck × TC . Note that∫
Ck×TC
|Vk(z, ζ)|2e−ϕ(k)(z,ζ)
(1 + ‖(z, ζ)‖2)4 dλn+k(z, ζ) <∞.
Since for z1, . . . , zk−1 ∈ C, ζ ∈ TC Vk(z1, . . . , zk−1, 0, ζ) = 0, then the function
ψ
(k)
k (z, ζ) =
Vk(z, ζ)
zk
is holomorphic in Ck × TC .
Put γ(k)(z, ζ) = ϕ(k)(z, ζ) + 8 ln(1 + ‖(z, ζ)‖). Obviously,∫
Ck−1×{|zk|>1}×TC
|ψ(k)k (z, ζ)|2e−γ
(k)(z,ζ) dλn+k(z, ζ) <∞.
Let |zk| ≤ 1. Then for z = (z′, zk) ∈ Ck, ζ ∈ TC
|ψ(k)k (z′, zk, ζ)|2 ≤ max|η|=1 |Vk(z
′, η, ζ)|2 ≤ 1
pi
∫
|t|≤2
|Vk(z′, t, ζ)|2 dλ1(t).
Hence,
|ψ(k)k (z′, zk, ζ)|2e−γ
(k)(z′,zk,ζ) ≤ 1
pi
∫
|t|≤2
|Vk(z′, t, ζ)|2e−γ(k)(z′,zk,ζ) dλ1(t).
Further, ∫
Ck−1×TC
|ψ(k)k (z′, zk, ζ)|2e−γ
(k)(z′,zk,ζ) dλn+k−1(z′, ζ) ≤
≤ 1
pi
∫
|t|≤2
∫
Ck−1×TC
|Vk(z′, t, ζ)|2e−γ(k)(z′,zk,ζ) dλn+k−1(z′, ζ) dλ1(t).
Since for z = (z′, zk) ∈ Ck, ζ ∈ TC , |zk| ≤ 1, |t| ≤ 2
|γ(k)(z′, t, ζ)− γ(k)(z′, zk, ζ)| ≤ 6Kmk−1 + 3(dk−1 + 8),
then, putting bk−1 = 6Km + 3(dk−1 + 8), we have∫
Ck−1×TC
|ψ(k)k (z′, zk, ζ)|2e−γ
(k)(z′,zk,ζ) dλn+k−1(z′, ζ) ≤
≤ e
bk−1
pi
∫
|t|≤2
∫
Ck−1×TC
|Vk(z′, t, ζ)|2e−γ(k)(z′,t,ζ) dλn+k−1(z′, ζ) dλ1(t).
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From here it follows that∫
|zk|≤1
∫
Ck−1×TC
|ψ(k)k (z′, zk, ζ)|2e−γ
(k)(z′,zk,ζ) dλn+k−1(z′, ζ) dλ1(zk) ≤
≤ ebk−1
∫
|t|≤2
∫
Ck−1×TC
|Vk(z′, t, ζ)|2e−γ(k)(z′,t,ζ) dλn+k−1(z′, ζ) dλ1(t).
Finally, ∫
Ck×TC
|ψ(k)k (z, ζ)|2e−γ
(k)(z,ζ) dλn+k(z, ζ) ≤
≤ 2ebk−1
∫
Ck×TC
|Vk(z, ζ)|2e−γ(k)(z,ζ) dλn+k(z, ζ).
Thus, there are functions ψ
(k)
j ∈ H(Ck × TC) (j = 1, . . . , k) such that
Lk(z1, . . . , zk, ζ) =
k∑
j=1
ψkj (z1, . . . , zk, ζ)zj.
and ∫
Ck×TC
|ψ(k)j (z, ζ)|2e−γ
(k)(z,ζ) dλn+k(z, ζ) <∞,
Putting dk = dk−1 + 8, we have∫
Ck×TC
|ψ(k)j (z, ζ)|2e−(2hm,k,m(z,ζ)+dk ln(1+‖(z,ζ)‖)) dλn+k(z, ζ) <∞, j = 1, . . . , k.
If k = n, then we have
Ln(z, ζ) = L(z, ζ) = ψ
(n)
1 (z, ζ)z1 + . . .+ ψ
(n)
n (z, ζ)zn
and for some dn ∈ N for all j = 1, . . . , n
Cj,n :=
∫
Cn×TC
|ψ(n)j (z, ζ)|2e−(2hm,n,m(z,ζ)+dn ln(1+‖(z,ζ)‖)) dλn+k(z, ζ) <∞.
Let us obtain uniform estimates of functions ψ
(n)
j . Let (z, ζ) ∈ Cn × TC .
Put R = min(1, d(ζ)
4
). Let (t, u) ∈ Cn × TC belongs to the ball BR((z, ζ)).
Then
|hm,n,m(t, u)−hm,n,m(z, ζ)| ≤ |wm(‖(t+u)‖)−wm(‖(z+ζ)‖)|+|ϕm(u)−ϕm(ξ)|.
The first term from the right is estimated as follows (using (3)):
|wm(‖(t+ u)‖)− wm(‖(z + ζ)‖)| ≤ Km(‖t− z‖ + ‖u− ζ‖) ≤ 2Km.
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Furthermore,
|ϕm(u)− ϕm(ζ)| ≤ |b(Imu)− b(Imζ)|+m| ln(1 + 1
d(u)
)− ln(1 + 1
d(ζ)
)|+
+m| ln(1 + ‖u‖)− ln(1 + ‖ζ‖)|.
Note that∣∣∣∣ln
(
1 +
1
d(u)
)
− ln
(
1 +
1
d(ζ)
)∣∣∣∣ =
∣∣∣∣ln (1 + d(u))d(ζ)(1 + d(ζ))d(u)
∣∣∣∣ ≤
≤
∣∣∣∣ln 4(1 + d(u))3(1 + d(ζ))
∣∣∣∣ ≤
∣∣∣∣ln
(
1 +
d(u)− d(ζ)
1 + d(ζ)
)∣∣∣∣ + 1 ≤
≤
∣∣∣∣d(u)− d(ζ)1 + d(ζ)
∣∣∣∣ + 1 ≤ 54 .
Besides that,
| ln(1 + ‖u‖)− ln(1 + ‖ζ‖)| ≤ ‖u− ζ‖ ≤ 1.
By lemma 3 for each ε > 0 there is a constant Aε > 0 (not depending on ζ)
such that
|b(Imu)− b(Imζ)| ≤ ε‖Imu‖+ ε‖Imζ‖+ Aε.
So we have
|b(Imu)− b(Imζ)| ≤ 2ε‖Imζ‖+ Aε + ε.
Thus, for each ε > 0 and for all u, ζ ∈ TC such that ‖u− ζ‖ ≤ R
|ϕm(u)− ϕm(ζ)| ≤ 2ε‖Imζ‖+ Aε + ε+ 9m
4
.
Let cε = Aε + ε+
9m
4
+ 2Km. Then for each (t, u) ∈ BR((z, ζ))
|hm,n,m(t, u)− hm,n,m(z, ζ)| ≤ 2ε‖Imζ‖+ cε. (5)
For a plurisubharmonic in Cn × TC function |ψ(n)j (t, u)|2 we have
|ψ(n)j (z, ζ)|2 ≤
1
ν2n(R)
∫
BR((z,ζ))
|ψ(n)j (t, u)|2 dλ2n(t, u) ≤
≤ 1
ν2n(R)
∫
Cn×TC
|ψ(n)j (t, u)|2e−(2hm,n,m(t,u)+dn ln(1+‖(t,u)‖)) dλ2n(t, u)×
11
×e
sup
(t,u)∈BR((z,ζ))
(2hm,n,m(t,u)+dn ln(1+‖(t,u)‖))
≤
≤ Cj,n
ν2n(R)
(2 + ‖(z, ζ)‖)dne
sup
(t,u)∈BR((z,ζ))
(2hm,n,m(t,u))
Using (5) for each ε > 0 we find a constant bε > 0 such that
|ψ(n)j (z, ζ)|2 ≤
1
ν2n(R)
Cj,nbε(2 + ‖(z, ζ)‖)dne2hm,n,m(z,ζ)+2ε‖Imζ‖.
Thus, for each ε > 0 there is a constant Mε > 0 such that
|ψ(n)j (z, ζ)| ≤Mε
(
1 +
1
d(ζ)
)2n
(1 + ‖(z, ζ)‖)dnehm,n,m(z,ζ)+ε‖Imζ‖.
From here it follows that for each ε > 0 we can find a constant Lε > 0 such
that
|ψ(n)j (z, ζ)| ≤ Lε
(
1 +
1
d(ζ)
)2n
(1+‖(z+ζ, ζ)‖)dn(1+‖ζ‖)dnehm,n,m(z,ζ)+ε‖Imζ‖.
Let tn = max(dn, 2n), p = m+ tn. Then, by lemma 2 for each ε > 0 we find
a constant aε > 0 such that
|ψ(n)j (z, ζ)| ≤ aεehp,n,p(z,ζ)+ε‖Imζ‖.
Put Sj(z, ζ) = ψ
(n)
j (u− ζ, ζ). Then Sj ∈ H(Cn × TC),
S(z, ζ) =
n∑
j=1
Sj(z, ζ)(zj − ζj), z ∈ Cn, ζ ∈ TC ,
and for each ε > 0 and for all (z, ζ) ∈ Cn × TC
|Sj(z, ζ)| ≤ aε exp(ωp(‖z‖)+b(Imζ)+ε‖Imζ‖+p ln(1+ 1
d(ζ)
)+p ln(1+‖ζ‖)).
3. Proof of theorem 1
Let
Cm(U) = {f ∈ C(U) : p˜m(f) = sup
x∈U
|f(x)|(1 + ‖x‖)m <∞}, m ∈ N.
By standard scheme ([4, Propositions 2.10, 2.11, Corollary 2.12]) one can
prove the following lemma.
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Lemma 4. Let T ∈ G′M(U) and numbers c > 0, m ∈ N be such that
|(T, f)| ≤ cpm(f), f ∈ GM(U).
Then there exist functionals Tα ∈ C ′m(U) (α ∈ Zn+) such that
|(Tα, f)| ≤ Cp˜m(f)
ε
|α|
m M|α|
, f ∈ Cm(U),
and (T, f) =
∑
|α|≥0
(Tα, D
αf), f ∈ GM(U).
Lemma 5. Let S ∈ G′M(U). Then Sˆ ∈ Hb,M(TC).
Proof. First note that for each z = x + iy ∈ TC (x ∈ Rn, y ∈ C) the
function fz(ξ) = e
i<ξ,z> belongs to GM(U). Indeed, for each m ∈ N
pm(fz) = sup
ξ∈V,α∈Zn+
|(iz)αei<ξ,z>|(1 + ‖ξ‖)m
ε
|α|
mM|α|
≤
≤ sup
α∈Zn+
‖z‖|α|
ε
|α|
m M|α|
sup
ξ∈V
e−<ξ,y>+m ln(1+‖ξ‖) = e
ωm(‖z‖)+sup
ξ∈V
(−<ξ,y>+m ln(1+‖ξ‖))
.
Using lemma 1 and 2, we get
pm(fz) ≤ Aeb(y)+ω3m(‖z‖)
(
1 +
1
∆C(y)
)3m
, (6)
where A = edm doesn’t depend on z ∈ TC .
Now let S ∈ G′M(U). It is clear that Sˆ is correctly defined on TC . Using
lemmas 1 and 4, condition i3) it is easy to see that Sˆ ∈ H(TC).
Since there exist numbers m ∈ N and c > 0 such that
|(S, f)| ≤ cpm(f), f ∈ GM(U),
then (using (6)) we obtain
|Sˆ(z)| ≤ cAeb(y)+ω3m(‖z‖)
(
1 +
1
∆C(y)
)3m
.
Thus, Sˆ ∈ Hb,M(TC) and lemma is proved.
Obviously, for each m ∈ N the embeddings jm : Hb,m(TC) → Hb,m+1(TC)
are completely continuous. Consequently, Hb,M(TC) is an (LN
∗)-space.
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Proof of theorem 1. By lemma 5 the linear mapping L : S ∈ G∗M(U)→
Sˆ acts from G∗M(U) into Hb,M(TC).
Before showing the coninuity of L, note that the topology of the space
G∗M(U) can be described as follows. Let for each k ∈ N
Wk = {f ∈ GM(U) : pk(f) ≤ 1},
W 0k = {F ∈ G′M(U) : |(F, f)| ≤ 1, ∀f ∈ Wk}.
Let Ek =
⋃
α>0
(αW 0k ). Endow Ek with the norm
qk(F ) = sup
f∈Wk
|(F, f)|, F ∈ Ek.
Note that G′M(U) =
⋃∞
k=1Ek. Define in G
′
M(U) the topology λ of the in-
ductive limit of spaces Ek. Since GM(U) is an (M
∗)-space then GM(U) is
Montel space (and hence reflexive). But then the strong topology in G′M(U)
coincides with the topology λ [7, p. 699-700].
Now let S ∈ Em, m ∈ N. Then
|(S, f)| ≤ qm(S), ∀f ∈ Wm.
Hence,
|(S, f)| ≤ qm(S)pm(f), f ∈ GM(U).
From here and (6) we obtain
|Sˆ(z)| ≤ qm(S)Aeb(y)+ω3m(‖z‖)
(
1 +
1
∆C(y)
)3m
,
where a constant A > 0 doesn’t depend on z ∈ TC . Hence,
‖Sˆ‖3m ≤ Aqm(S), S ∈ Em (m = 1, 2, . . .),
and, consequently, L is continuous.
Now let us prove that L is bijective.
We first show that L is surjective. Let F ∈ Hb,M(TC). That is, F ∈ H(TC)
and for some c > 0, m ∈ N
|F (z)| ≤ ceb(y)+ωm(‖z‖)
(
1 +
1
∆C(y)
)m
, z ∈ TC . (7)
Note that for z = x+ iy ∈ TC d(z) = ∆C(y). Hence, from (7) we have∫
TC
|F (z)|2e−2(b(y)+ωm(‖z‖)+m ln(1+ 1d(z) )+(n+1) ln(1+‖z‖2)) dλn(z) <∞. (8)
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Let K = Rn × C. Put in theorem R (with the replacement of n with 2n)
Ω = Ω1 = Ω2 = R
2n + iK. Note that Ω = Ω1 = Ω2 = C
n × TC . Since K is a
convex domain in R2n then R2n+ iK is a domain of holomorphy. As a linear
subspace in this theorem consider
W = {(z, ξ) ∈ C2n : z1 = ξ1, . . . , zn = ξn}
in C2n of complex dimension n. Then
Ω
′
= Ω
′
1 = Ω
′
2 = {z ∈ Cn : (z, z) ∈ Ω = Cn × TC} = TC .
In theorem R as ε we take 1 and as ϕ we take the function
ϕ(z, ξ) = 2(b(Imξ) + ωm(‖z‖) +m ln(1 + 1
d(ξ)
) + (n + 1) ln(1 + ‖(z, ξ)‖2)),
where z = x+ iy ∈ Cn, ξ ∈ TC . Note that ϕ ∈ psh(Cn × TC) and
ϕ˜(z) = 2(b(y) + ωm(‖z‖) +m ln(1 + 1
d(z)
) + (n+ 1) ln(1 + 2‖z‖2)), z ∈ TC .
In view of (8) ∫
TC
|F (z)|2e−ϕ˜(z) dλn(z) <∞.
By Roever’s theorem there exists a function Φ ∈ H(Cn × TC) such that
Φ(z, z) = F (z) for z ∈ TC and for some B > 0∫
Cn×TC
|Φ(z, ξ)|2e−ϕ1(z,ξ)
(1 + ‖(z, ξ)‖2)3n dλ2n(z, ξ) ≤ B
∫
TC
|F (z)|2e−ϕ˜(z) dλn(z).
Here
ϕ1(z, ξ) = max|t1|≤1,...,|tn|≤1
ϕ(z1 + t1, . . . , zn + tn, ξ1, . . . , ξn).
Using (3) and an inequality
| ln(1 + x22)− ln(1 + x21)| ≤ |x2 − x1|, x1, x2 ∈ R,
we obtain in Cn × TC |ϕ1(z, ξ) − ϕ(z, ξ)| ≤ c0, where c0 is some positive
constant depending on m. So,∫
Cn×TC
|Φ(z, ξ)|2e−ϕ(z,ξ)
(1 + ‖(z, ξ)‖2)3n dλ2n(z, ξ) ≤ Be
c0
∫
TC
|F (z)|2e−ϕ˜(z) dλn(z).
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The right side of this inequality denote by BF . For brevity put
hm(z, ξ) = 2(b(Imξ) + ωm(‖z‖) +m ln(1 + 1
d(ξ)
)), (z, ξ) ∈ Cn × TC .
Let us now obtain uniform estimates on Φ using plurisubharmonicity of
|Φ(z, ξ)| in Cn × TC . Let (z, ξ) ∈ Cn × TC and R = min(1, d(ξ)4 ). Note that
if (t, u) ∈ Cn × TC belongs to the ball BR((z, ξ)) then taking into account
that:
1). for each ε > 0 there exists a constant Aε (by lemma 3) such that
|b(Imu)− b(Imξ)| ≤ ε‖Imu‖+ ε‖Imξ‖+ Aε
and, consequently,
|b(Imu)− b(Imξ)| ≤ 2ε‖Imξ‖+ Aε + ε;
2).
| ln(1 + ‖(t, u)‖2)− ln(1 + ‖(z, ξ)‖2)| ≤ 1;
3). ∣∣∣∣ln
(
1 +
1
d(u)
)
− ln
(
1 +
1
d(ξ)
)∣∣∣∣ ≤ 54 .
4). by inequality (3)
|ωm(‖t‖)− ωm(‖z‖)| ≤ Km,
and putting Bε = 2Aε + 2ε+
5m
2
+ 2Km + 5n+ 2, we obtain for each ε > 0
|hm(t, u) + (5n+2) ln(1 + ‖(t, u)‖2)− hm(z, ξ)− (5n+2) ln(1 + ‖(z, ξ)‖2)| ≤
≤ 2ε‖Imξ‖+Bε.
Furthermore, for plurisubharmonic in Cn×TC function |Φ(t, u)|2 we have
|Φ(z, ξ)|2 ≤ 1
ν2n(R)
∫
BR((z,ζ))
|Φ(t, u)|2 dλ2n(t, u) ≤
≤ 1
ν2n(R)
∫
Cn×TC
|Φ(t, u)|2e−(hm(t,u)+(5n+2) ln(1+‖(t,u)‖2)) dλ2n(t, u)×
×e
sup
(t,u)∈BR((z,ζ))
(hm(t,u)+(5n+2) ln(1+‖(t,u)‖2))
≤
16
≤ BF
ν2n(R)
ehm(z,ξ)+(5n+2) ln(1+‖(z,ξ)‖
2)+2ε‖Imξ‖+Bε
From here it follows that for each ε > 0 there is a constant c1 = c1(ε) > 0
such that for (z, ξ) ∈ Cn × TC
|Φ(z, ξ)| ≤ c1eb(Imξ)+ωm(‖z‖)+(m+2n) ln(1+
1
d(ξ)
)+(5n+2) ln(1+‖(z,ξ)‖)+ε‖Imξ‖
. (9)
Since Φ(z, ξ) is an entire function of z, then expanding Φ(z, ξ) in powers of
z we have
Φ(z, ξ) =
∑
|α|≥0
Cα(ξ)z
α, ξ ∈ TC , z ∈ Cn.
By the Cauchy formula for arbitrary α ∈ Zn+, R > 0
Cα(ξ) =
1
(2pii)n
∫
|z1|=R
. . .
∫
|zn|=R
Φ(z, ξ)
zα1+11 . . . z
αn+1
n
dz1 . . . dzn.
From here it follows that Cα ∈ H(TC). Using (9) we have for ξ ∈ TC
|Cα(ξ)| ≤
c1((1 +
√
nR)(1 + ‖ξ‖))5n+2eb(Imξ)+ε‖Imξ‖+ωm(√nR)(1 + 1
d(ξ)
)m+2n
R|α|
.
Using lemma 2 we find a constant c2 = c2(ε) > 0 such that for each R > 0
and ξ ∈ TC
|Cα(ξ)| ≤ c2 e
ωm+5n+2(
√
nR)
R|α|
eb(Imξ)+ε‖Imξ‖(1 + ‖ξ‖)5n+2
(
1 +
1
d(ξ)
)m+2n
.
Since
inf
R>0
eω(r)
rk
=
1
Mk
, k = 0, 1, . . . ,
then for each α ∈ Zn+, ξ ∈ TC and for each ε > 0
|Cα(ξ)| ≤ c2(ε)
( √
n
εm+5n+2
)|α|
eb(Imξ)+ε‖Imξ‖
M|α|
(1 + ‖ξ‖)5n+2
(
1 +
1
d(ξ)
)m+2n
.
So, for each α ∈ Zn+ and for each ε > 0 Cα ∈ Hbε(TC) and, consequently,
Cα ∈ Hb(TC). According to the Corollary 3 for each α ∈ Zn+ Cα ∈ Vb(TC).
By theorem 1 there exist functionals Sα ∈ S∗(U) such that Sˆα = Cα.
From the previous inequality also it follows that for each ε > 0 the set
{M|α|
(
εm+5n+2√
n
)|α|
Cα}α∈Zn+ is bounded in Vbε(TC). Hence, it is bounded in
Hb(TC). Since by Corollary 3 Hb(TC) = Vb(TC), then this set is bounded in
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Vb(TC). In view of topological isomorphism between the spaces S
∗(U) and
Vb(TC) the set A = {M|α|
(
εm+5n+2√
n
)|α|
Sα}α∈Zn+ is bounded in S∗(U). Hence,
it is weakly bounded. By Schwartz theorem [1] there exist numbers c3 > 0
and p ∈ N such that
|(F, f)| ≤ c3‖ϕ‖p,U , F ∈ A, f ∈ S(U).
So, for all α ∈ Zn+, f ∈ S(U)
|(Sα, f)| ≤ c3
( √
n
εm+5n+2
)|α| ‖f‖p,U
M|α|
. (10)
Define the functional T on GM(U) by the rule:
(T, f) =
∑
|α|≥0
(Sα, (−i)|α|Dαf), f ∈ GM(U). (11)
It is correctly defined. Using (10) we have for all f ∈ GM(U), α ∈ Zn+, s ∈ N
|(Sα, Dαf)| ≤ c3
( √
n
εm+5n+2
)|α|
1
M|α|
sup
x∈U,|β|≤p
|(Dα+βf)(x)|(1 + ‖x‖)p ≤
≤ c3
( √
n
εm+5n+2
)|α|
1
M|α|
sup
x∈U,|β|≤p
ps(f)ε
|α|+|β|
s M|α|+|β|(1 + ‖x‖)p
(1 + ‖x‖)s .
It is easy to check that
Mk+s ≤ Hs1H(k+s)s2 Mk, k, s ∈ Z+.
So for s ≥ p
|(Sα, Dαf)| ≤ c3
( √
n
εm+5n+2
)|α|
ps(f)
M|α|
sup
x∈U,|β|≤p
ε
|α|+|β|
s H
|β|
1 H
(|α|+|β|)|β|
2 M|α|
(1 + ‖x‖)s−p ≤
≤ c3
( √
n
εm+5n+2
)|α|
H
p
1ps(f)ε
|α|
s h
p2
2 H
p|α|
2 = c3H
p
1H
p2
2
(√
nεsH
p
2
εm+5n+2
)|α|
ps(f).
Choose s so that
√
nεsH
p
2
εm+5n+2
= qs < 1. Then for each f ∈ GM(U), α ∈ Zn+
|(Sα, Dαf)| ≤ c4q|α|s ps(f),
where c4 = c3H
p
1H
p2
2 . From here it follows that the series in (11) converges
and
|(T, f)| ≤ c4
(1− q)nps(f), f ∈ GM(U).
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Hence, the linear functional T is correctly defined and continuous. Besides
that Tˆ = F. Indeed,
Tˆ (z) =
∑
|α|≤0
(Sα, (−i)|α|Dα(ei<ξ,z>)) =
∑
|α|≤0
(Sα, (−i)|α|(iz)α(ei<ξ,z>))
=
∑
|α|≤0
zα(Sα, (e
i<ξ,z>)) =
∑
|α|≤0
Cα(z)z
α = Φ(z, z) = F (z).
Thus, L is surjective.
Now let us show that L is injective. Let for T ∈ G′M(U) Tˆ ≡ 0. We
will show that T is a zero functional. There exist numbers m ∈ N and c > 0
such that
|(T, f)| ≤ cpm(f), f ∈ GM(U).
By lemma 4 there exist functionals Tα ∈ C ′m(U) (α ∈ Zn+) such that
(T, f) =
∑
α∈Zn+
(Tα, D
αf), f ∈ GM(U),
and
|(Tα, g)| ≤ c
ε
|α|
mM|α|
p˜m(g), g ∈ Cm(U). (12)
Hence,
Tˆ (z) =
∑
α∈Zn+
(Tα, (iz)
αei<ξ,z>) =
∑
α∈Zn+
i|α|(Tα, ei<ξ,z>)zα, z ∈ TC .
Let Vα(z) = i
|α|(Tα, ei<ξ,z>). Obviously, Vα ∈ H(TC). Using (12) and
lemma 1, we obtain
|Vα(z)| ≤ µm
ε
|α|
m M|α|
(1 + ‖z‖)2m
(
1 +
1
∆C(y)
)3m
eb(y), (13)
where µm > 0 is some constant independent of z = x+ iy ∈ TC . Let
S(u, z) =
∑
|α|≥0
Vα(z)u
α, z ∈ TC , u ∈ Cn.
Using (13) we obtain
|S(u, z)| ≤
∑
|α|≥0
µm‖u‖|α|
ε
|α|
mM|α|
(1 + ‖z‖)2m
(
1 +
1
∆C(y)
)3m
eb(y) =
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= µm
(
1 +
1
∆C(y)
)3m
eb(y)
∑
|α|≥0
‖u‖|α|
ε
|α|
m+1M|α|
(
εm+1
εm
)|α|
≤
≤ µmeb(y)
(
1 +
1
∆C(y)
)3m
sup
α∈Zn+
‖u‖|α|
ε
|α|
m+1M|α|
∑
|α|≥0
(
εm+1
εm
)|α|
=
≤ µmeb(y)
(
1 +
1
∆C(y)
)3m
eωm+1(‖u‖)
(
εm
εm − εm+1
)n
.
Note that
S(z, z) =
∑
|α|≥0
Vα(z)z
α = 0, ∀z ∈ TC .
Then by theorem 2 there exist functions S1, . . . , Sn ∈ H(Cn × TC) and a
number p ∈ N such that
S(z, ζ) =
n∑
j=1
Sj(z, ζ)(zj − ζj), z ∈ Cn, ζ ∈ TC ,
and for each ε > 0 there exists a number aε > 0 such that for j = 1, . . . , n
and for (z, ζ) ∈ Cn × TC
|Sj(z, ζ)| ≤ aε exp(ωp(‖z‖)+b(Imζ)+ε‖Imζ‖+p ln(1+ 1
d(ζ)
)+p ln(1+‖ζ‖)).
Further, we expand Sj in powers of z:
Sj(z, ζ) =
∑
|α|≥0
Sj,α(ζ)z
α, z ∈ Cn, ζ ∈ TC .
From the last inequality we have
|Sj,α(ζ)| ≤ inf
R>0
max
|z1|=R,...,|zn|=R
|Sj(z, ζ)|
R|α|
≤
≤ inf
R>0
aε exp(ωp(
√
nR))e(b(Imζ)+ε‖Imζ‖+p ln(1+
1
d(ζ)
)+p ln(1+‖ζ‖))
R|α|
=
= aε exp(b(Imζ)+ε‖Imζ‖+p ln
(
1 +
1
d(ζ)
)
+p ln(1+‖ζ‖)) inf
R>0
eω(R)
√
n
|α|
(Rεp)|α|
=
= aε exp((b(Imζ)+ε‖Imζ‖+p ln
(
1 +
1
d(ζ)
)
+p ln(1+‖ζ‖)) 1
M|α|
(√
n
εp
)|α|
.
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Choose k ∈ N so that εk
√
n < εp. Then for ζ ∈ TC
|Sj,α(ζ)| ≤
aε exp(b(Imζ) + ε‖Imζ‖+ p ln(1 + 1d(ζ)) + p ln(1 + ‖ζ‖))
ε
|α|
k M|α|
.
Thus, for all α ∈ Zn+, j = 1, . . . , n and for each ε > 0 Sj,α ∈ Vbε(TC).
According to the corollary 3 of the theorems 1 Sj,α ∈ Vb(TC) for each
α ∈ Zn+, j = 1, . . . , n. Since the Fourier-Laplace transform establishes a
topological isomorphism between the spaces S∗(U) and Vb(TC), then there
exist functionals ψj,α ∈ S∗(U) such that ψˆj,α = Sj,α. From the last inequality
it follows that the set {Sj,αε|α|k M|α|}α∈Zn+ is bounded in each space Vbε(TC).
But then it is bounded in Hb(TC). Now by Corollary 3 of the theorems 1
this set is bounded in Vb(TC). Then the set Ψ = {ε|α|k M|α|ψj,α}α∈Zn+,j=1,...,n is
bounded in S∗(U). And then it is weakly bounded in S∗(U). By Schwartz
theorem [1] there exist numbers c4 > 0 and p ∈ N such that
|(F, ϕ)| ≤ c4|‖ϕ‖|p,U , F ∈ Ψ, ϕ ∈ S(U).
Thus, ∀j = 1, . . . , n, ∀α ∈ Zn+
|(Ψj,α, f)| ≤ c4
ε
|α|
k M|α|
‖f‖p,U , f ∈ S(U). (14)
For j = 1, . . . , n and α ∈ Zn with at least one negative component let Ψj,α
be a zero functional from S∗(U) and Sj,α(z) = 0, ∀z ∈ Cn. Then
S(z, ζ) =
n∑
j=1
Sj(z, ζ)(zj − ζj) =
n∑
j=1
∑
|α|≥0
Sj,α(ζ)z
α(zj − ζj) =
=
n∑
j=1
∑
|α|≥0
Sj,α(ζ)z
α1
1 . . . z
αj+1
j . . . z
αn −
n∑
j=1
∑
|α|≥0
Sj,α(ζ)z
αζj =
=
n∑
j=1
∑
|α|≥0
(Sj,(α1,...,αj−1,...,αn)(ζ)− Sj,α(ζ)ζj)zα, z ∈ Cn, ζ ∈ TC .
Since
S(z, ζ) =
∑
|α|≥0
Vα(ζ)z
α, ∀ζ ∈ TC , z ∈ Cn,
we have ∀α ∈ Zn+
Vα(ζ) =
n∑
j=1
(Sj,(α1,...,αj−1,...,αn)(ζ)− Sj,α(ζ)ζj).
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The expression on the right can be represented as
n∑
j=1
(Ψˆj,(α1,...,αj−1,...,αn)(ζ) + i(Ψj,α,
∂
∂ξj
(ei<ξ,ζ>))).
That is, the right side is the Fourier-Laplace of a functional acting by the
rule
f ∈ S(U)→
n∑
j=1
(Ψj,(α1,...,αj−1,...,αn), f) + i(Ψj,α, (
∂
∂ξj
f)).
This means that
(Tα, f) = (−i)|α|
n∑
j=1
(i(Ψj,α, (
∂
∂ξj
f)) + (Ψj,(α1,...,αj−1,...,αn), f)).
Thus, for f ∈ GM(U)
(T, f) =
∑
|α|≥0
(Tα, D
αf) =
=
∑
|α|≥0
(−i)|α|
n∑
j=1
(i(Ψj,α, (
∂
∂ξj
Dαf)) + (Ψj,(α1,...,αj−1,...,αn), D
αf)),
For arbitrary N ∈ N and j = 1, . . . , n) let us define the sets
BN = {α = (α1, . . . , αn) ∈ Zn : α1 ≤ N, . . . , αn ≤ N},
RN,j = {α1 ≤ N, . . . , αj = N, . . . , αn ≤ N,α ∈ Zn+}
and a functional TN on GM(U) by the rule
(TN , f) =
∑
α∈BN
(−i)|α|
n∑
j=1
(i(Ψj,α, (
∂
∂ξj
Dαf)(ξ)) + (Ψj,(α1,...,αj−1,...,αn), D
αf)).
Then (T, f) = lim
N→∞
(TN , f), f ∈ GM(U).
From the representation
(TN , f) =
n∑
j=1
(
∑
α∈BN
((−i)|α|i(Ψj,α, ∂
∂ξj
Dαf)+
+
∑
β∈BN
(−i)|β|(Ψj,(β1,...,βj−1,...,βn), Dβf)).
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we obtain that for fixed j ∈ {1, . . . , n} terms corresponding to the multi-index
α with α1 ≤ N, . . . , αj ≤ N − 1, . . . , αn ≤ N and the terms corresponding
to he multi-index β = (β1, . . . , . . . , βn) = αn with β1 = α1, . . . , βj = αj +
1, . . . , βn = αn mutually vanishes each other. From this we have
(TN , f) =
n∑
j=1
∑
α∈RN,j
(−i)|α|i(Ψj,α, ∂
∂ξj
Dαf), f ∈ GM(U).
Further, taking into account (14), ∀f ∈ GM(U)
|(TN , f)| ≤
n∑
j=1
∑
α∈RN,j
|(Ψj,α, ∂
∂ξj
Dαf)| ≤
≤
n∑
j=1
∑
α∈RN,j
c4
ε
|α|
k M|α|
sup
ξ∈U,|γ|≤p
(|Dγ( ∂
∂ξj
Dαf)(ξ)|(1 + ‖ξ‖)p) =
=
n∑
j=1
∑
α∈RN,j
c4
ε
|α|
k M|α|
sup
ξ∈U,|γ|≤p
(|(D(α1+γ1,...αj+γj+1,...,αn+γn)f)(ξ)|(1 + ‖ξ‖)p)).
Choose natural s > k so that q =
εsH
p+1
2
εk
< 1. Then ∀f ∈ GM(U)
|(TN , f)| ≤
n∑
j=1
∑
α∈RN,j
c4
ε
|α|
k M|α|
ps(f) sup
ξ∈U,|γ|≤p
ε
|α|+|γ|+1
s M|α|+|γ|+1
(1 + ‖ξ‖)s−p ≤
≤
n∑
j=1
∑
α∈RN,j
c4
ε
|α|
k M|α|
ps(f)ε
|α|
s sup
|γ|≤p
H
|γ|+1
1 H
(|α|+|γ|+1)(|γ|+1)
2 M|α| ≤
≤
n∑
j=1
∑
α∈RN,j
c4ps(f)
(
εs
εk
H
p+1
2
)|α|
H
p+1
1 H
(p+1)2
2 <
< c4H
p+1
1 H
(p+1)2
2 ps(f)nq
N(N + 1)n−1.
From here it follows that (TN , f) → 0 at N → ∞, ∀f ∈ GM(U). Hence
(T, f) = 0, ∀f ∈ GM(U). So, T is a zero functional.
By the open mapping [8], [9] L−1 is continuous. Thus, L is a topological
isomorphism.
Remark 2. In the situation considered by Roever from his results [2,
theorems 2.21.ii, 2.24.ii] it follows that G∗M(U) is topologically isomorphic to
the projective limit of spaces RCε,ε ({Cε} is a family of compact subcones in
cone C, ε > 0), where RCε,ε is an inductive limit of spaces
R
(m)
Cε,ε
= {F ∈ H(TC) : ‖F‖(m)Cε,ε = sup
z∈TC1 ,‖y‖≥ε
|F (z)|
eb(y)+ωm(‖z‖)
<∞} , m ∈ N.
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